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We employ the superpotential technique for the reconstruction of cosmological models with a non-
minimally coupled scalar field evolving on a spatially flat Friedmann–Robertson–Walker background.
The key point in this method is that the Hubble parameter is considered as a function of the scalar
field and this allows one to reconstruct the scalar field potential and determine the dynamics of
the field itself, without a priori fixing the Hubble parameter as a function of time or of the scale
factor. The scalar field potentials that lead to de Sitter or asymptotic de Sitter solutions, and those
that reproduce the cosmological evolution given by Einstein-Hilbert action plus a barotropic perfect
fluid, have been obtained.
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I. INTRODUCTION
There are two possible ways of describing the accel-
erating expansion of the Universe [1]. One can assume
that General Relativity is the correct theory of gravity
and introduce a smoothly distributed, slowly varying cos-
mic fluid with negative pressure called dark energy [2].
Alternatively, one can modify the theory of gravity [3–
6]. Some of these modified gravity models, for exam-
ple, F (R) gravity models, can then be mapped into gen-
eral relativity with additional scalar fields by a suitable
conformal transformation of the metric (see, e.g., [5–7]).
It is well known that scalar fields play an essential role
in modern cosmology since they are possible candidates
for the role of the inflaton field driving inflation in the
early universe [8, 9] and of the dark energy substance
[2]. The Universe expansion history, unifying early-time
inflation and late-time acceleration, can be realized in
scalar-tensor gravity [10].
The modified gravity models, as well as cosmological
models with scalar fields, often include some function
that cannot be deduced from the fundamental theory. It
is then a natural question to ask, why some specific form
of such a function is chosen and what is the physical mo-
tivation for this choice. The technique of reconstruction
has attracted the attention of researchers for a long time
and has been developed for different cosmological mod-
els [11]–[37]. For example, the reconstruction of poten-
tials for models with minimally coupled scalar fields has
been studied in [11]–[21] and, in the two-field case, in [22–
24], while a similar procedure for tachyon models was
discussed in [25–28]. The reconstruction of potentials for
scalar fields non-minimally coupled to gravity was con-
sidered in [29–31]. We can also mention the reconstruc-
tion procedures in models with non-minimally coupled
Yang–Mills fields [32], in F (R) and Gauss–Bonnet grav-
ity models [21, 33, 34], in F (T ) models, with T being the
torsion scalar [35], in the nonlocal gravity model [36] and
its local formulation [37].
Gravity models with non-minimally coupled scalar
fields are actively studied in cosmology [38–45] (see
also [5] and references therein). In particular, the mod-
els with the Hilbert–Einstein term plus the term propor-
tional to the Ricci scalar multiplied by the square of the
scalar field were intensively studied in inflationary [46]
and in quantum [47] cosmology.
Generally these models are described by the following
action:
S =
∫
d4x
√−g
[
U(σ)R− 1
2
gµνσ,µσ,ν + V (σ)
]
, (1)
where U(σ) and V (σ) are differentiable functions of the
scalar field σ. We use the signature (+,−,−,−), and g
is the determinant of the metric tensor gµν .
The reconstruction procedure for the induced gravity
models (U(σ) = ξσ2 where ξ is a constant) has been
proposed in [30]. In such a case it has been shown that
one can linearize all the differential equations that should
be solved in the reconstruction procedure to get the po-
tential corresponding to a given cosmological evolution.
This property allows one to obtain the explicit forms of
potentials reproducing the dynamics of a flat Friedmann–
Robertson–Walker (FRW) universe, driven by barotropic
perfect fluids, by a Chaplygin gas [48] and by a mod-
ified Chaplygin gas [30] (The term modified Chaplygin
gas was proposed in [49] while similar equations of state
were considered in [13] and [50]).
In this paper, we consider another reconstruction pro-
cedure for the models described by the above action (1).
Such a method is similar to the Hamilton–Jacobi method
(also known as the superpotential method) and is
commonly applied to cosmological models with scalar
fields [20, 22–24, 28] as well as in brane models [51]. The
key point in this method is that the Hubble parameter is
2considered as a function of the scalar field σ.
The two methods described above supplement each
other and together allow one to construct different cos-
mological models with some required properties. In par-
ticular, the reconstruction procedure illustrated in [30] is
useful in order to obtain the potential and the explicit
evolution of the scalar field when the Hubble parameter
is given explicitly as a function of the cosmic time t or
of the scale factor a. The superpotential method also
allows one to do so (see Section 4), but for U(σ) = ξσ2
the procedure proposed in [30] is simpler. At the same
time, however, the superpotential variant of the recon-
struction procedure allows one to construct models and
their exact solutions without any knowledge of the ex-
act behavior of the Hubble parameter. For example, in
Section 6 we describe the dynamics of a model with the
Hubble parameter evolving to a nonzero constant value
at late times. Such a method also allows one to calculate
the function U(σ), when the Hubble parameter is given
as function of σ and the behavior of σ as a function of
the cosmic time t (or the scale factor a) is known. Specif-
ically, we assume that dσdt = F (σ), where the function F
is given. So, the superpotential procedure allows one to
reconstruct not only the potential, but also either U(σ)
or the Hubble parameter, if the evolution of σ is given.
Furthermore we can use this method to reconstruct scalar
field potentials with some given property. For example,
in Section 7 we find the conditions on the functions U(σ)
and F (σ) for which the potential obtained is polynomial.
By using this method we find new exact solutions in the
induced gravity case. We also applied the procedure to
cosmological models with a non-minimally coupled scalar
field described by (1) and U(σ) = ξσ2 + J , where J is a
constant. In this physically important case, the method,
proposed in [30], requires one to find solutions of second
order nonlinear differential equations, whereas on using
the superpotential method one only has to solve linear
differential equations and first order autonomous nonlin-
ear differential equations. Thus, the solutions can always
be obtained at least in quadratures. One important case
treated in detail is the reconstruction of de Sitter solu-
tions. In such a case, the method proposed in [30] is still
useful for arbitrary U(σ) (see Section 3).
The paper is organized as follows. In Section 2, we
review the basic equations for a gravity model with a
non-minimally coupled scalar field in a FRW background
and we describe the algorithm of the superpotential re-
construction procedure. In Section 3, we study the de
Sitter solutions by using the methods proposed in [30]
and in this paper and compare results. In Section 4, we
find the non-minimally coupled models reproducing the
dynamics of a flat FRW universe, driven by barotropic
perfect fluids. In Section 5, we assume that the scalar
field is proportional to the hyperbolic tangent (or cotan-
gent) of the cosmic time and consider possible behaviors
of the Hubble parameter and the corresponding poten-
tials. In Section 6, we consider the induced gravity model
and find solutions and potentials with a Hubble param-
eter that evolves toward a constant value at late times.
In Section 7, we find conditions on the functions U(σ)
and F (σ) sufficient to obtain a model with a polynomial
potential. Finally Section 8 is devoted to the conclusions.
II. COSMOLOGICAL MODELS WITH
NON-MINIMALLY COUPLED SCALAR FIELD
A. Homogeneous equations
Consider the evolution of a homogeneous scalar field
on a spatially flat FRW universe with the metric
ds2 = dt2 − a2(t) (dx21 + dx22 + dx23) .
The Einstein equations derived from the variation of the
action (1) have the following form[62] [30]:
6UH2 + 6U˙H =
1
2
σ˙2 + V, (2)
2U
(
2H˙ + 3H2
)
+ 4U˙H + 2U¨ +
1
2
σ˙2 − V = 0, (3)
where differentiation with respect to time t is denoted
by a dot, and the Hubble parameter is the logarithmic
derivative of the scale factor: H = a˙/a. The variation
of action (1) with respect to σ gives the Klein–Gordon
equation
σ¨ + 3Hσ˙ + V,σ = 6
(
H˙ + 2H2
)
U,σ , (4)
where the subscript ,σ indicates the derivative with re-
spect to the scalar field σ. Combining Eqs. (2) and (3)
we obtain
4UH˙ − 2U˙H + 2U¨ + σ˙2 = 0. (5)
This equation plays a key role in the reconstruction pro-
cedure.
B. The Hubble parameter as a function
(superpotential) of the scalar field.
Let H = Y (σ), then (5) takes the following form:
4UY,σσ˙ − 2Y U,σσ˙ + 2U,σσσ˙2 + 2U,σσ¨ + σ˙2 = 0. (6)
Let us introduce the function F (σ) defined as
σ˙ = F (σ). (7)
Substituting σ˙ and σ¨ = F,σF into (6), we obtain
4UY,σ + 2(F,σ − Y )U,σ + (2U,σσ + 1)F = 0. (8)
Equation (8) contains three functions. If two of them are
given, then the third one can be found as the solution of
3a linear differential equation. Let us note that Eq. (8) is
a first order differential equation for both Y and F .
If, for example, U and F are given, then Eq. (8) can
easily be integrated to obtain Y (σ):
Y (σ) = −

 σ∫ 2F,σ˜U,σ˜ + (2U,σ˜σ˜ + 1)F
4U3/2
dσ˜ + c0

√U(σ),
(9)
where c0 is an integration constant. In a similar fashion,
for given Y (σ) and U(σ), we obtain F (σ) by integrat-
ing (8):
F (σ) =

 σ∫ U,σ˜Y − 2UY,σ˜
U,σ˜
eΥdσ˜ + c˜0

 e−Υ(σ), (10)
where
Υ(σ) ≡ 1
2
σ∫
2U,σ˜σ˜ + 1
U,σ˜
dσ˜
and c˜0 is an integration constant.
The potential V (σ) can then be obtained from (2):
V (σ) = 6UY 2 + 6U,σFY − 1
2
F 2. (11)
To find the time evolution σ(t) we finally integrate
Eq. (7), which can always be solved in quadratures.
The evolution of the Hubble parameter H and of the
scalar field σ can be expressed through either the cosmic
time t or the scale factor a. In the latter case it is more
convenient to adopt the dimensionless parameter N ≡
ln(a/a0) as an independent variable. In terms of N one
has to reexpress the time derivatives as
d
dt
= H
d
dN
and
d2
dt2
= H2
d2
dN2
+
1
2
(
H2
)′ d
dN
, (12)
where the prime denotes the derivative with respect to N .
Equation (8) then takes the following form:
2U(H2)′ − 2U ′H2 + 2U ′′H2 + (H2)′U ′ + (σ′)2H2 = 0.
(13)
On defining the functions W (σ) and F˜ (σ) as follows
W (σ) ≡ H2 (14)
and
F˜ (σ) ≡ σ′, (15)
we find
(H2)′ =
dH2
dσ
dσ
dN
≡W,σF˜ , (16)
U ′ = U,σF˜ , U
′′ =
(
U,σσF˜ + U,σF˜,σ
)
F˜ (17)
and Eq. (13) can then be cast in the form:
2UW,σ − 2U,σW + 2
(
U,σσF˜ + U,σF˜,σ
)
W
+W,σU,σF˜ + F˜W = 0. (18)
If, for example, F˜ (σ) and U(σ) are given, the function
W (σ) can be determined by integrating
W,σ
W
=
[
2U,σ − 2
(
U,σσF˜ + U,σF˜,σ
)
− F˜
]
(
2U + U,σF˜
) (19)
and finally the potential can be reconstructed by using
V =W
[
6U + 6U,σF˜ − 1
2
F˜ 2
]
. (20)
Equation (19) connects the functions W , U , and F˜ and
is equivalent to Eq. (8). Indeed, on substituting F = Y F˜
into Eq. (8) we get
2
Y,σ
Y
=
[
2U,σ − 2
(
U,σσF˜ + U,σF˜,σ
)
− F˜
]
(
2U + U,σF˜
) . (21)
The latter equation is equivalent to Eq. (19), because
W (σ) = Y 2(σ). We thus observe that the superpotential
method allows one to unify the reconstruction procedures
for the functions in (8) given as functions of t or of N .
Indeed, one can start from Eq. (8) and find suitable func-
tions Y , F and U satisfying it and, after that, it is trivial
to get W and F˜ .
C. Quadratic non-minimally coupled models
In this paper, we consider
U(σ) = ξσ2 + C1σ + J0. (22)
The case of induced gravity, for which the reconstruction
procedure has been proposed in [30], corresponds to a
particular choice of U(σ) given by C1 = 0 and J0 = 0.
Note that the quadratic polynomial (22) can be rewrit-
ten as
U(σ) = ξ(σ − σ0)2 + J,
with σ0 = − C12ξ , J = J0 −
C21
4ξ . (23)
In this paper, we consider the case σ0 = 0 (equivalent to
C1 = 0). Let us observe, however, that such a restriction
does not lead to any loss of generality because any solu-
tion found with σ0 = 0 can be extended to the σ0 6= 0
case simply through the change of variable σ → σ − σ0.
For U(σ), given by (22) with σ0 = 0, we obtain from
(9) and (10):
Y (σ) = −

 σ∫ 4ξσ˜F,σ˜ + (4ξ + 1)F
4(ξσ˜2 + J)3/2
dσ˜ + c0


×
√
ξσ2 + J , (24)
4F (σ) =


σ∫ [
σ˜Y −
(
σ˜2 +
J
ξ
)
Y,σ˜
]
σ˜
1
4ξ dσ˜ + c˜0


× σ− 1+4ξ4ξ . (25)
Let us note that the behavior of the Hubble parameter
can be very different in a model with zero and nonzero J .
To illustrate this point let us consider the example with
an arbitrary linear function F (σ):
F = f1σ + f0, (26)
where fi are constants. From Eq. (24), we get
YJ (σ) =
(8ξ+1)f1
4ξ − (4ξ+1)f04J σ + c0
√
ξσ2 + J , (27)
with J 6= 0,
and
Y0(σ) =
f1
4ξ + 2f1 +
(4ξ+1)f0
8ξσ + c0σ , (28)
with J = 0.
Therefore, if f0 6= 0 and ξ 6= −1/4, then Y0(σ) is not a
limit of YJ(σ) at J → 0.
III. MODELS WITH DE SITTER SOLUTIONS
In this section we shall consider the general form of
the potential V (σ), which leads to the existence of the
de Sitter solution
H = H0 = const (29)
for an arbitrary non-minimal coupling U(σ). In this case,
it is convenient to apply the technique developed in [30].
First of all let us notice that if the scalar field σ does
not depend on time t (or, in other words, on the scale
factor a), then all the considerations presented in the end
of the second section of paper [30] are still valid and we
obtain immediately the de Sitter solution for the model
with the potential (see Eq. (31) of the above cited paper)
V (σ) = V0U
2(σ), (30)
where V0 is an arbitrary positive constant. The constant
value of the Hubble parameter is then (see Eq. (2))
H0 = ±
√
V
6U
= ±
√
V0U
6
. (31)
For the case of a time-dependent scalar field σ, we use
Eq. (19) from paper [30], and we rewrite it in terms of
N ≡ ln(a/a0)
σ′′− σ′+ σ′H
′
H
+(σ′)2
(
1 + 2U,σσ
2U,σ
)
+
2UH ′
U
,σH
= 0. (32)
For the de Sitter case, this equation reduces to
σ′′ − σ′ = −
(
1 + 2U,σσ
2U,σ
)
(σ′)2. (33)
Using ddN = σ
′ d
dσ , after some algebra, one can integrate
both sides of Eq. (33) and obtain
lnσ′ −N = −
σ∫ (
1 + 2U,σ˜σ˜
2U,σ˜
)
dσ˜ + B˜0
= −
σ∫
dσ˜
2U,σ˜
− ln (U,σ) + B˜0. (34)
where B˜0 is an integration constant.
We now exponentiate and integrate the above equation
to find exp(N) as a function of the scalar field σ:
exp(N) =
1
B0
σ∫
U,σ∗ exp

1
2
σ∗∫
dσ˜
U,σ˜

 dσ∗ +B1, (35)
where B0 = exp(B˜0) and B1 is an arbitrary constant.
Consequently we obtain σ′ as a function of σ:
σ′ =
exp
(
− 12
σ∫
dσ˜
U,σ˜
)
U,σ
×

B1B0 +
σ∫
U,σ∗ exp

1
2
σ∗∫
dσ˜
U,σ˜

 dσ∗

 (36)
and the corresponding potential can be found by substi-
tuting (36) and (29) into Eq. (20).
For the particular case
U(σ) = ξσ2 + J, (37)
we obtain
σ′ =
4ξ
1 + 8ξ
σ +
B1B0
2ξ
σ−
1+4ξ
4ξ . (38)
Substituting (38) into (2) we get
V = H20
[
6J +
2(3 + 32ξ)(1 + 12ξ)ξ
(8ξ + 1)2
σ2
+
4B1B0(1 + 12ξ)
1 + 8ξ
σ−
1
4ξ − B
2
1B
2
0
8ξ2
σ−
4ξ+1
2ξ
]
. (39)
Let us apply the superpotential method to the same
model with the de Sitter evolution. Using (10), we obtain
F (σ) =

 σ∫ H0eΥdσ˜ + c˜0

 e−Υ (40)
and, in particular, for U , given by (37),
F (σ) =
4ξH0
8ξ + 1
σ + c˜0σ
− 1+4ξ4ξ . (41)
Therefore,
σ′ = F˜ (σ) =
F (σ)
Y (σ)
=
4ξ
8ξ + 1
σ +
c˜0
H0
σ−
1+4ξ
4ξ . (42)
5This formula coincides with (38), if we choose c˜0 =
H0B1B0/(2ξ), so we conclude that the potential can be
reconstructed with both the procedures.
Solving Eq. (7), we obtain
σ(t) =
[
σ0e
H0t +
c˜0(8ξ + 1)
H0ξ
] 4ξ
8ξ+1
, (43)
where σ0 is an arbitrary constant.
For the case c˜0 = 0, F (σ) is a linear function. The
potential V is the following quadratic polynomial:
V = 2H20
[
3J +
(3 + 32ξ)(1 + 12ξ)ξ
(8ξ + 1)2
σ2
]
. (44)
For ξ = −1/12 and ξ = −3/32 the potential V is a
constant.
The case ξ = −1/8 should be considered separately. In
this case, using Eq. (10), we get:
F (σ) = σH0 ln
(
σ
σ0
)
, (45)
where σ0 is an integration constant, and the correspond-
ing potential has the following form:
V =
H20
4
[
24J − σ
2
2
(
ln
(
σ
σ0
)2
+ 3 +
√
3
)
×
(
ln
(
σ
σ0
)2
+ 3−
√
3
)]
. (46)
The scalar field evolution is given by
σ(t) = σ0 exp
[
eH0(t−t0)
]
. (47)
It is easy to see that in the case of induced gravity (J = 0)
the expressions (39) and (44) can be derived from the
expression (51) in the paper [30] provided we identify
c1 = −B1B0(1+8ξ)8ξ2 and γ = 2ξ. Also the particular cases
γ = −1/6 (conformal coupling) and γ = −1/4 corre-
sponding to ξ = −1/12 and ξ = −1/8, respectively, were
considered in [30].
In the conclusion of this section, we would like to add
that the exact solution with the potential (39) was ob-
tained independently by Starobinsky [52]. He has also
shown that the corresponding de Sitter solutions are sta-
ble only if the “exotic terms”, depending on the fractional
degrees of the scalar field vanish due to the corresponding
choice of the constants [53].
IV. POWER-LAW SOLUTIONS
In general relativity with a barotropic perfect fluid, the
Hubble parameter evolves as
H2(a) = H20
(
a
a0
)−3(w+1)
= H20e
nN , (48)
where the constant w is the equation-of-state parameter
of the fluid and n ≡ −3(w+1). Let us note that the Hub-
ble parameter as a function of time is H(t) = − 2nt =
2
3(w+1)t . Power-law solutions for induced gravity mod-
els (J = 0) and the corresponding potentials have been
studied in [30]. Let us note that, in the case with J 6= 0,
the method employed in [30] leads to a differential equa-
tion that cannot be solved analytically. For such a case
it is convenient to adopt the superpotential technique for
reconstruction.
Let us start from Eq. (19) and observe that the
power-law dependence of H2 on the scale factor gives
n = (H2)′/H2, or equivalently
n =
W,σF˜
W
. (49)
Then Eq. (19) becomes
n
F˜
=
[
2U,σ − 2
(
U,σσF˜ + U,σF˜,σ
)
− F˜
]
(
2U + U,σF˜
) . (50)
After substituting (37), Eq. (50) can be recast in the
following form:
4ξσF˜,σF˜ + 2ξσ(n− 2)F˜ + (4ξ + 1)F˜ 2
+2nJ + 2nξσ2 = 0. (51)
In particular, for n = 2, Eq. (51) is a linear differential
equation for F˜ 2 that can be solved exactly leading to the
following solution:
F˜ (σ) = ±
√
c1σ
− 4ξ+12ξ − 4(4ξ + 1)ξσ
2 + (8ξ + 1)J
(4ξ + 1)(8ξ + 1)
(52)
For this solution from Eq. (49), we get
W (σ) =W0e
∫
σ n
F˜ (σ˜)
dσ˜
. (53)
For the values of ξ leading to a singular expression (52),
Eq. (51) has the following general solution:
• for ξ = −1/4
F˜ (σ) = ±
√
8J ln
(
σ
σ0
)
− σ2, (54)
• for ξ = −1/8
F˜ (σ) = ±
√
−2σ2 ln
(
σ
σ0
)
− 8J (55)
where σ0 is the integration constant.
It is impossible to solve Eq. (51) by the separation of
σ and F˜ for the case of an arbitrary n. Hence we look
for particular solutions of Eq. (51) by making a suitable
6ansatz for F˜ as a function of σ and then algebraically
fixing the free coefficients of the model. We choose the
ansatz
F˜ (σ) = A0 +A1σ , (56)
by which Eq. (51) reduces to a quadratic polynomial of
σ, which can be solved by requiring that the coefficients
of the diverse powers of σ are zero. Let us note that
the above ansatz (56) when A1 6= 0 corresponds to the
following evolution for the scalar field in terms of N
σ(N) = B exp (A1N)− A0
A1
(57)
where B is an integration constant. It is then straight-
forward to obtain the evolution σ(t) by integrating:
dN =
dN
dt
dt = Hdt = − 2
n t
dt⇒ N = ln
(
t
t0
)− 2
n
.
(58)
and substituting into Eq. (57). Equation (51) gives three
constraints on the five parameters of the model: A0, A1,
n, ξ, and J . If we assume that the function U(σ) is given
by (37), or in other words that the parameters ξ and J
are fixed, we then find the following expressions for the
remaining three parameters:
A20 =
2
[
−14ξ − 44ξ2 − 1± (6ξ + 1)
√
52ξ2 + 16ξ + 1
]
J
(4ξ + 1)2ξ
,
A1 =
−36ξ2 − 12ξ − 1± (6ξ + 1)
√
52ξ2 + 16ξ + 1
(6ξ + 1)(4ξ + 1)
,
n =
14ξ + 44ξ2 + 1∓ (6ξ + 1)
√
52ξ2 + 16ξ + 1
(4ξ + 1)ξ
.
(59)
These solutions exist only if ξ 6= −1/4 and ξ 6= −1/6.
The parameters n and A1 are real if and only if ξ <
(−4 − √3)/26 or ξ > (−4 + √3)/26. Let us note that
A0 = 0 if and only if J = 0.
On the other hand, if we assume that n is given and
seek both the functions F and U , then Eq. (51) leads to
two nontrivial solutions with A0 unconstrained and
J1,2 = A
2
0
−4n− α± (n− 2)√α
4n (α− 2n) (60)
ξ1,2 =
8n− α∓ (n− 2)√α
8 (α− 2n) (61)
A1;1,2 =
2− n∓√α
4
(62)
with α = 4−20n+n2 and where A0 and −A0 correspond
to the same values for the other parameters. These solu-
tions describe a universe evolving according to (48) due
to the presence of a non-minimally coupled scalar field
with the coupling to the Ricci scalar given by (61). Note
that α is non-negative and expressions (60)–(62) are real
provided n ≥ 10 + 4√6 ≃ 19.8 or n ≤ 10 − 4√6 ≃ 0.2.
Negative values of n correspond to a decreasing H in
an expanding universe and describe relevant cosmologi-
cal evolutions. The limit n→ 0 gives the de Sitter solu-
tion and the solutions with small, positive n still describe
interesting cosmological evolutions corresponding to a su-
peraccelerated era (the fact that the Universe is currently
undergoing a phase of superaccelerated expansion is not
excluded by supernovae observations [55]).
Equation (51) also has four more solutions correspond-
ing to either the induced gravity or the general relativ-
ity framework. We find induced gravity solutions (with
J = 0) having A0 = 0, ξ unconstrained and
A1;3,4 =
−(n− 2)ξ ±
√
ξ (α ξ − 2n)
1 + 8ξ
(63)
or ξ5 = −1/8 and A1;5 = n/ (2− n). In these cases
the scalar field evolution is given by σ(N) = B expA1N .
The general relativity solution is finally for A1 = 0, ξ =
0, J = −A20/(2n) and a scalar field evolution given by
σ = A0N + B where B is an arbitrary constant. The
constant A0 is physically constrained by the value of the
Planck mass in the Einstein–Hilbert action.
Equation (49) can be solved for W with F˜ given by
the ansatz (56)
W = W0 exp
[∫ σ n
F˜
dσ˜
]
=W0 exp
[∫ σ n
A0 +A1σ˜
dσ˜
]
= W0 (A0 +A1σ)
n
A1 . (64)
where W0 is an integration constant.
On using Eq. (20), we obtain the corresponding po-
tential
V = W0
[
6
(
J + ξσ2
)
+ 12ξσ (A0 + A1σ)
− (A0 +A1σ)
2
2
]
(A0 +A1σ)
n
A1 (65)
with J , ξ and A1 given by (60)–(62) respectively. In the
induced gravity case (solutions 3 and 4) the potential
takes the following form:
V3,4 = W˜0σ
n
A1;3,4
+2
= W˜0σ
(6−n)ξ±
√
ξ(αξ−2n)
2ξ (66)
where we absorbed all the parameters and the integration
constant W0 into W˜0. Correspondingly the evolution of
the scalar field is given by
σ3,4(N) = B exp
[
−(n− 2)ξ ±
√
ξ (α ξ − 2n)
1 + 8ξ
N
]
. (67)
These two solution were already found in [30]. In the
n → 0 (and α → 4) limit one then obtains the de Sitter
7solutions (see [30]) with
V
(dS)
3 = W˜0σ
2 , V
(dS)
4 = W˜0σ
4 (68)
and
σ
(dS)
3 (N) = B exp
[
4ξ
1 + 8ξ
N
]
, σ
(dS)
4 (N) = B. (69)
If we consider the induced gravity solution left, with ξ5 =
−1/8, we are led to the potential
V5 = W˜0σ
4−n (70)
and the evolution of the scalar field is given by
σ5(N) = B exp
[
n
2− nN
]
. (71)
Let us note that such a solution cannot be obtained from
the solutions 1–4 with an appropriate limit procedure.
The general relativity solution has
W =W0 exp
(
n
A0
σ
)
(72)
and a corresponding potential of the form
V = W˜0 exp
(
n
A0
σ
)
(73)
which is the well-known exponential potential associated
with power-law expansion.
The solutions 1 and 2 deserve some more discussion.
In the limit J1,2 ∝ A0 → 0 one obtains induced gravity
with the non-minimal coupling fixed at ξ = ξ1,2. In such
a case the potential takes the form
V1,2 = W˜0σ
10−n±√α
4 (74)
and the scalar field evolves as
σ1,2(N) = B exp
[
2− n∓√α
4
]
. (75)
Note that the solution 1, in the induced gravity limit,
is the solution 4 with ξ = ξ1 and the solution 2, in the
same limit, is the solution 3 with ξ = ξ2. Thus, when
J = 0, the solutions 1 and 2 are particular cases of the
solutions 3 and 4.
V. SOLUTIONS WITH THE HYPERBOLIC
TANGENT
Let us construct cosmological models, when the Hub-
ble parameter is a function of the hyperbolic tangent.
Such solutions are popular in cosmology, because they
can describe a bounce [54] and late-time acceleration [18,
22] having de Sitter/anti-de Sitter attractors both in the
past and in the future. Such models can be reconstructed,
for example, starting with the following ansatz for the
scalar field evolution:
σ(t) = A tanh [ω(t− t0)] , (76)
where A, ω, and t0 are constants. Note that t0 can be
complex, so the parametrization (76) includes the func-
tions σ(t) = A coth [ω(t− t0)] as well. For such functions
Eq. (7) takes the form
F (σ) = ω
(
A− 1
A
σ2
)
. (77)
If U(σ) = ξσ2, then after substituting F (σ), given by
(77), into formula (24) we can integrate the resulting
equation to obtain
Y (σ) =
(4ξ + 1)ωA
8ξσ
+
(12ξ + 1)ω
4ξA
σ ln
(
σ
σ0
)
, (78)
where σ0 is an arbitrary constant. The function Y (σ)
has the simplest form for ξ = −1/12:
Y (σ) = c0σ − ωA
σ
. (79)
The corresponding potential is the fourth degree mono-
mial:
V = − (ω −Ac0)
2
2A2
σ4 . (80)
For c0 = 0, we obtain the following evolution for the
Hubble parameter:
H = − ω coth[ω(t− t0)] (81)
and conversely we get H = −ω tanh[ω(t − t0)], when
σ(t) = A coth[ω(t− t0)].
In the more general case with U(σ) = −σ2/12 + J we
get
Y = c0
√
12J − σ2 − ωA
6J
σ. (82)
For c0 = 0, the Hubble parameter is proportional to σ
and the potential has the following polynomial structure:
V = − (6J + A
2)2ω2
72J2A2
σ4
+
(
A2
3J
+ 1
)
ω2σ2 − 1
2
ω2A2. (83)
Another way to get the desired Hubble parameter evo-
lution (with constant H attractors in the past and in the
future) is to express H as a function of σ evolving as (76)
and then solve Eq. (8) as a differential equation for U(σ).
On assuming
H = Y (σ) = B − Cσ, (84)
8where B and C are constants, and then substituting (77)
and (84) into Eq. (8), we get the following second order
linear differential equation for U(σ):
2Ω(A2 − σ2)U,σσ + 2 [(C − 2Ω)σ −B]U,σ
−4CU + (A2 − σ2)Ω = 0, (85)
where we set ω = ΩA.
A particular solution of this equation is the second
degree polynomial
U(σ) = − 1
12
σ2 +
B
6(2Ω+ C)
σ
+
2A2CΩ + 4A2Ω2 −B2
12(2Ω+ C)C
, (86)
having the form (22). For any values of A, B, C and
Ω, except Ω = −C, the potential V (σ) is a fourth de-
gree polynomial with a coefficient of the high-order de-
gree monomial equal to −(Ω + C)2/2.
Let us consider, for example, the particular set of pa-
rameters B = A and C = 1. We get
U(σ) = − 1
12
σ2+
A
6(2Ω + 1)
σ+
(2Ω + 4Ω2 − 1)A2
12(2Ω+ 1)
, (87)
hence, U(σ) = 0 at
σ1,2 = A
1 ± 2√2Ω2 + 2Ω3
2Ω + 1
.
It is easy to see that U(A) > 0 for all Ω > 0, so, if
we choose as a solution σ(t) = A tanh(ωt), then U(t)
is positive at late times if A > 0. We further observe
that (see Fig. 1), when Ω = 1, U(σ(t)) > 0 at any time
because −A 6 σ(t) 6 A. For Ω = 1, we get
U
σ
V
σ
FIG. 1: The function U(σ), given by (87), (left) and the po-
tential V (σ), given by (88), (right) at A = 1, B = 1, C = 1
and Ω = 1.
V (σ) = − 2σ4 + 8
3
Aσ3 +
4
3
A2σ2 − 8
3
A3σ +
2
3
A4
= − 2
3
(σ +A)(3σ −A)(σ −A)2 (88)
and, by the change of variable σ˜ = σ−A/3, the expression
(87) becomes
U(σ˜) = − 1
12
σ˜2 +
4
27
A2, (89)
and takes the form of (37) with ξ = −1/12. In terms of
σ˜, we finally get
Y (σ˜) =
2
3
A− σ˜, F (σ˜) = (2A− 3σ˜) (4A+ 3σ˜)
9
. (90)
So, we found a model with exact solutions and U(σ)
in the form U(σ) = ξσ2+ J . We note that if we consider
general values of A, B, C and Ω in (86) we still find
a particular solution with ξ = −1/12. This value of ξ
corresponds to the case of the conformal coupling [30].
VI. NON-MONOTONIC BEHAVIOR OF THE
HUBBLE PARAMETER IN THE CASE OF
INDUCED GRAVITY
In the previous sections we considered the case of U(σ),
specified by (37). The case of induced gravity (J = 0) has
been considered in detail in [30], where another method of
reconstruction has been used. In this section, we find new
induced gravity cosmological models with exact solutions
on using the superpotential method. We demonstrate
that the same evolution σ(t) leads to exactly solvable
models with different potentials and different qualitative
behavior of the Hubble parameter.
Given U(σ) = ξσ2, and taking Y (σ) as a generic poly-
nomial
Y (σ) =
N∑
k=0
Akσ
k, (91)
where Ak are constants, from (25) one can obtain F (σ)
and show that it does not depend on A1. For N = 2, we
obtain
F (σ) =
4ξ
(
(16ξ + 1)A0 − (8ξ + 1)A2σ2
)
σ
(8ξ + 1)(16ξ + 1)
+c˜0σ
− 1+4ξ4ξ . (92)
When c˜0 = 0, F (σ) is a cubic polynomial and Eq. (7)
has the general solution that can be written in terms of
elementary functions
σ(t) = ±
√
(16ξ + 1)A0√
(16ξ + 1)A0c2e−ωt + (8ξ + 1)A2
, (93)
where ω = 8ξA0/(8ξ + 1), c2 is an arbitrary integration
constant and we assume that ξ 6= −1/8.
The corresponding potential, V (σ), is the sixth degree
polynomial that, for example, when ξ = 1, has the fol-
lowing form:
V (σ) =
910
289
A22σ
6 +
156
17
A1A2σ
5
+
(
6A21 +
2236
153
A0A2
)
σ4 +
52
3
A0A1σ
3
+
910
81
A20σ
2 . (94)
9Let us analyze the cosmological consequences of the
solution obtained. If ω > 0, then
lim
t→∞
σ(t) = ± (16ξ + 1)
√
A0
(8ξ + 1)
√
A2
. (95)
In the case ω < 0, the function σ(t) tends to zero at late
times. Hence, the Hubble parameter tends to a constant
at late times for any case[63]. In Fig. 2 we consider H(t)
for different values of A1, for σ positive, ξ = 1, A2 =
1, and A0 = 2. The solution σ(t) in (93) is associated
H
t
H
t
H
t
H
t
FIG. 2: The function H(t), given by (91), with A1 = −6
(upper plot on the left), A1 = −4 (upper plot on the right),
A1 = −2 (lower plot on the left), and A1 = 0 (lower plot
on the right). At all pictures we use A2 = 1, A0 = 2, and
c2 = 100000.
with different behaviors of the Hubble parameter. In
particular, at A1 = −4 and A1 = −2 we get a non-
monotonic behavior of H(t). The behavior of the Hubble
parameter, similar to the case A1 = −4, has been found
in the quintom models with the sixth degree polynomial
potential [22]. Such behavior can, in principle, describe
both inflation and the late-times accelerating expansion
of the Universe and is thus physically relevant.
In this section, we have obtained new induced gravity
models, with a polynomial potential and physically in-
teresting behavior of the Hubble parameter. Let us note
that the explicit form of the Hubble parameterH(t) is too
complicated to be guessed and used in the reconstruction
approach, proposed in [30]. We have obtained a three-
parameter set of the induced gravity models with sixth
degree polynomial potentials. The freedom of choice of
parameters Ai allows one to set additional conditions on
the model.
VII. CONSTRUCTION OF MODELS WITH
POLYNOMIAL POTENTIALS
On considering cosmological models with scalar fields,
which are inspired by some fundamental theory, for ex-
ample, string field theory, it is difficult to get the exact
form of the potential, but it is possible to get, at least,
some properties of the potential. In [18, 22] string field
theory inspired models with minimally coupled scalar
fields and polynomial potentials have been considered.
Let us address the question regarding what functions F
and U are associated with a polynomial potential.
To get a polynomial potential from formula (11) we
assume that F (σ) is an arbitrary N degree polynomial:
F (σ) =
N∑
k=0
Bnσ
n. (96)
If U = ξσ2, then from Eq. (8) we get
Y (σ) =
B0(4ξ + 1)
8ξσ
− B2(12ξ + 1)
4ξ
σ ln
(
σ
σ0
)
+ YP (σ), (97)
where YP (σ) is a polynomial. The term proportional to
σ−1 gives the constant term in the potential (11), thus
only the term proportional to σ ln(σ) should be elimi-
nated to obtain a polynomial potential. Hence, we come
to the conclusion that for an arbitrary polynomial F (σ)
we get a polynomial potential if ξ = −1/12. This value
of ξ corresponds to the case of conformal coupling [30].
For other values of ξ we get a polynomial potential only
if B2 = 0.
If U is an arbitrary quadratic polynomial, we get the
following result: the coefficients of Y (σ), proportional to
B0 and B1, are always polynomial, and those propor-
tional to B2 and B3 are polynomial if ξ = −1/12. The
coefficient proportional to B4 includes logarithmic terms.
The function Y (σ) also contains the term, proportional
to
√
U(σ), multiplied by an integration constant; there-
fore, to get a polynomial V (σ) this integration constant
should be zero. Hence, to get a polynomial potential, we
should set either N = 1 or N = 3 and ξ = −1/12. In the
latter case, we obtain a sixth degree potential for nonzero
B3. For B3 = 0 (or equivalently N = 2), the degree of
the potential cannot be more than four.
VIII. CONCLUSION
In this article we employed the reconstruction proce-
dure for cosmological models with non-minimally cou-
pled scalar fields evolving on a flat Friedmann-Robertson-
Walker background. Besides their cosmological implica-
tions, models with non-minimally coupled scalar fields,
including the Hilbert-Einstein term, are interesting be-
cause of their connection with particle physics. In par-
ticular we refer to models of inflation, where the role of
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the inflaton is played by the Higgs field non-minimally
coupled to gravity. Such models have great relevance
and were intensively discussed during the past years [56].
It is difficult to apply the reconstruction procedure pro-
posed in [30] in the induced gravity context to more gen-
eral modified gravity models. For these models, with
the superpotential method, one can find many exact so-
lutions for the homogeneous scalar field-gravity system
and the corresponding potential of the scalar field. Such
a method translates the problem of integrating a sec-
ond order differential equation with time dependent co-
efficients into the integration of a first order differential
equation once either the Hubble parameter is expressed
as a function of the scalar field or the behavior of the
scalar field itself is given. Let us note that both the
variants of the superpotential technique we are referring
to do not need the expression of the Hubble parameter
in terms of the cosmic time or of the scale factor. This
method has been actively employed in cosmological mod-
els with minimally coupled scalar fields [20, 22–24], but,
to the best of our knowledge, it has not been applied
to cosmological models with non-minimally scalar fields.
Hence the superpotential method is a powerful tool to
find exact analytical solutions of cosmological interest.
In this article we used this method to find exact an-
alytical solutions leading to some physically interesting
behaviors of the Hubble parameter. First we have found
the potentials and the corresponding evolutions of the
associated scalar field leading to de Sitter and power-law
solutions. Power-law solutions reproduce the expansion
of the Universe driven by a barotropic perfect fluid. For
the former case we could formally reconstruct the dy-
namics of the scalar field-gravity system on assuming a
generic coupling between the field and the Ricci scalar.
In such a case both the superpotential technique and the
reconstruction procedure proposed in [30] can be applied.
We then specialized the results to the non-minimally cou-
pled case with a general coupling constant ξ. The case
of power-law expansion is more involved and we could
only find and analyze some solutions with the parameters
suitably tuned. Still, however, the reconstruction could
only be performed easily by means of the superpotential
technique.
We further investigated a few models having a de Sit-
ter/anti de Sitter attractor far in the past or in the fu-
ture. In the non-minimal coupling case the dynamics of
a scalar field with a suitable quartic potential has been
shown to have these attractors. In the induced gravity
limit, we then also found a set of sixth degree polynomial
potentials leading to a cosmic evolution with a constant
H(t) behavior both in the past and in the future.
Polynomial potential frequently appears as a result of
the reconstruction procedure because polynomials are in-
tegrable and they can be systematically used for obtain-
ing exact solutions with the superpotential technique.
Hence we finally analyzed the sufficient conditions on the
functions U and F to get a model with a polynomial po-
tential.
To conclude, let us compare our results with the results
of other works, concerning the construction of exact so-
lutions for models with a non-minimally coupled scalar
field and sketch some possible future directions for in-
vestigation. In Ref. [57] both the scalar potentials —
that of the self-interaction of the scalar field and that de-
scribing the interaction of the scalar field with the scalar
curvature — were reconstructed. These potentials were
chosen in such a way, that the cosmological evolution of
the model reproduced the evolution of the ΛCDM model
in the presence of radiation. The same class of poten-
tials was also obtained on a purely theoretical ground,
namely by imposing maximal Noether symmetry on the
scalar-tensor Lagrangian. Thus, the combination of the
superpotential method used in the present paper with the
Noether symmetry method [58] can represent a possible
direction for the search of exact cosmological solutions.
Let us note that the simultaneous reconstruction of two
scalar functions in a chameleon model, reproducing evo-
lution with the phantom divide line crossing was done
in [59].
Another interesting question is a possible relation be-
tween the exact solutions for the models with the mini-
mally coupled to gravity scalar fields and the models with
the non-minimal coupling, which are connected by a con-
formal transformation. As is known, the question of the
physical equivalence of the Jordan and Einstein frames
is widely discussed in the literature (see e.g. [6, 60] and
references therein), but at least mathematically, the tran-
sitions between these frames can be used as a useful tool
for the construction of new exact solutions.
Finally, we have tried to get some exact solutions with
background cosmological evolutions that are not far away
from that in the Standard Cosmological Model. The
comparison of our solutions with the supernovae data can
be done immediately. As far as the comparison with the
data on the microwave background cosmic radiation and
the large scale structure of the Universe is concerned, the
study of cosmological perturbations is necessary, which is
a rather complicated, but challenging task. Some stud-
ies of the perturbations in modified gravity models were
done in Ref. [61].
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